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I'maBa 7

KOJIEBAHUN A

Konebanus — 310 oH U3 CaMBIX BazKHBIX pa3enoB (u3uKU. B HEKOTOpOM cMBICTE, Bce
CYIIECTBYIOIEe MPeJICTaB/IsIeT cOO0i KaK pa3 He KOHCTPYKIUU U3 «MaTepHATbHBIX TOUYEK»,
a UMEHHO COBOKYITHOCTH KojieOauuit. XoTs MexaHudecKue KojieDaHusi, KOTOPbIMU MbI ceifdac
3afiMemcs, KaKyTcs JOBOJIBHO YACTHBIM CIy9aeM JIBUKEHWS, HO MPUMeEHsSeMble MeTO/Ibl 1

MHOrHE 3P@EKThl Te )Ke caMble B JPYyTruxX pas/eiax (hu3uku.

7.1 YpaBHeHue Kojiebanmii. Yacrora n mepmo, aMILJINTY-

na m dasa

[Ipocreiimmuii caydaii KoaedaTebHOM CHCTeMBbI — Macca m Ha MPYyzKuHe, uMerorieii Koaddu-

HUEHT ynpyroctu k. YpaBHEHUE IBUZKEHUSI:

dv d*x

mo = —kx, wmm Mmooy = —kx, wm mi=—kv. (7.1)

Oto — guddepeHnuanbHOe ypaBHeHHe. I13 ombITa BUAHO, YTO TelIO /.

bonTaercs Tyaa-cioja. [IosTomy, 4ToOBI pelmuTh ypaBHEHHE, ONpodyeM Iie-

1

puognveckyto dbyHkuuio, xors 061 x = A cos(wt) . Torma L/
1

1

. . . 1

i = —Awsin(wt), 7= —Aw’cos(wt). X
mg

Vpasuenue Bbinojusercs, ecin w? = k/m upu mobom A. Bemuuuna w

HA3BIBAETCS YACTOTON KoJebanuii (MHOTIA KPYTrOBOH YacTOTOH ). Puc. 7.1.

Jpyroii mpuMep — MareMaTHYecKuii MasgTHHK, TO €CTh TeJO Ha HUTH JyuHbl L (puc.
7.1). [Tpu oTK/IOHEHUH HA MAJBI yron ¢ = /L Harsxkenue T & mg , BO3BPAIIAIOIIAS CIIA

F=-Typ = —mgzx/L. Ilony4yaem ypaBHeHHe

.. mg
mr —=———-2.

L
82
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OHO TMOXOJUT HA ypaBHEHUE Jisl NPYYKUHBI ¢ 3aMeHoit k wa mg/L. [omoiizer takoe ke

perenne, yacrora w = y/¢g/L. Boobie ypaBHeHue Bujia

(i =—(C-x (7.2)
¢ MOCTOTHHBIMU & U ( WU SKBUBAJEHTHOE €My

r=—-w"-x,

rie w? = (/€. naspiBaeTcd ypaBHeHHeM KoJieGaHmii.
He obsazaresbno x — 3ro Juneitnas koopaunata. /lis dpusmyeckoro ma-
sATHUKA (pHC. 7.2) ¢ MOMEHTOM WHepIuH [ OTHOCHTEIBHO TOYKH MOJABECA W C

MEeHTPOM MacC Ha paccTOgHuU L OT 3TOil TOUKH L/
Ie=1p=—mgL -y, !

u yacrora w = /mgL/I. Eciu yaanoch moayduTh ypaBHeHHe KoJebaHwuii,
3HAYUT, YzKe HailjleHa JacTora.
. Puc. 7.2.

[Tepuon, kosebannii T waxomuress w3 yeiopus w1 = 2w, T = 21/w.

Unorga gacroroit (mo me kpyrosoii) maseBaior v = 1/T = w/2r (uncno konebauuii B
CEKYH/LY ).

C rem ke ycmexoM nojoiiyer perenne B sin(wt) , a Takxke obast cymma 2 = A cos(wt)+
Bsin(wt) . [Tocrosiuapie A u B onpesessiiorcsi Ha9aJ bHBIME YCIOBHIME (HAPUMED, KOOD-
auHATON U ckopocThio Macchl m). [Ipu ¢ = 0 z(0) = A, ckopocrs #(0) = —Bw . Ecan
OTTSHYTb NPYKUHY ¥ B MOMeHT ¢ = ( OTHYyCTUTH Tpy3, OyJeT YHUCTBIA KOCHHYC, a MpH
KOPOTKOM TOJTUKE U3 IOJOKEHUs PABHOBECHs — YHCTBHIA cuHyc. Bo3moxkHa apyras 3aluch:

x = H cos(wt—) . [Ipu srom H HazpiBaloT aMImTynoit, ¢ — da3soii konebanuii. [lepesos

B nepByo dopmy:
H cos(wt — ) = H cos(wt) cos ¢ + H sin(wt) sinp ,

tak 910 A = Hcosyp, B = Hsinp. Obparubiii mepeBos;

cos(wt)

A B

Acos(wt) + Bsin(wt) = VA2 + B2 (\/ﬁ + T sin(wt)) ,
orkyna H = A2+ B2, cosgp = A/\A2+B?, sing = B/VA?+ B?. IlockombKy
KBaJIPAThl IIOJYYEHHBIX COS (@ M Sin@ B CymMMe JaloT 1, Takoil yroa ¢ AedCTBUTEIHHO CY-
mecrByer. Kopoue, tgy = B/A.

Ecan Benomunth npumep 2 u3 m. 1.4 (crp. 13), BuAHO, 9TO BpallleHHEe 1O OKPYZKHOC-
TH MOYKHO NDEJICTABUTh, Kak jaBa Kojaebanus r = Rcos(wt), y = Rsin(wt). Tak kak
IEHTPOCTPEMUTENHHOE YCKOPEHHE MPOIOPIHOHANBLHO PAINYC-BEKTOPY M HAIPABIEHO IPOTH-
BOIOJIOZKHO, I & U Y MOJYIUTCA ypaBHEHHE KOMeOaHU — COCTABIAIONAA BO3BPAIIAIOIIEH
CHJIBI POIIOPIUOHAJIBHA CMEIeHn0. Fein cpasy He JoraJarhes JI0 PEelleHns ypaBHEeHHs KO-

JiebaHuit, MOYKHO OBLJIO MCIIOIb30BAThH 3TU COOOpaKEHUS.
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7.2 YpaBHeHHe 3Hepruu AJjs KojgedaHuii. 3aTyxaHue

Jlig Macchl Ha TpYZKUHE 3aKOH COXPaHEeHUs SHEePTHH

5.2 k 2
% + % = E = const . (7.3)

Amnasiornano JJIA (bHBH‘IeCKOI"O MadTHHKa

Io? mgLy?
4 + 9% _p— const .
2 2
([Morenua bHas SHEPrUsl — YIPOIIEHHOe Bhipazkenue mgL(1l — cosp) Ijsi MaibIX YIJIOB).
Boobuie, nnorjga yjpobHee nucath BMeCTO ypaBHeHus kosebanuit ¥ = —(x ypaBHeHue
SHEPIHUu:
{i? (o
—+-—=F. 7.4
5 T3 (7.4)
13 mero cpa3y HaxoauTca gacrota: w? = (/€.
IIpumep: BycuHka CKOJIB3UT MO MPOBOJIOKE, H30IHYTO B Buje cuHycouapl y = —Y cos(kx) .
[Tpu MajibIX T norenuuaibhas sueprus U = mgy = —mgY + mgY'k*x?/2 | kunernueckas

ma?/2 . IlepBoe caraeMoe B IOTEHIUAIBHOl SHEPTHU TTOCTOSAHHO M HECYIIECTBEHHO, TaK UTO
mi?/2 + mgYk*z?/2 = E u wacrota w = \/gkY .

Hekoropwix cmymaer, uro F uewssectna. OHa M He HYXKHA /I HAXOXKIEHUSA TaCTOTHI.
JIng rapMOHMYECKHX KOTeOAHHi, TO eCTh JJIs TAKAX, KOTOPBIE ONUCHLIBAIOTCH JTHHEHHBIM
ypaBHeHueM jBuKenns (7.1,7.2) win 3akKoHOM coxpaHenus: sueprun tuma (7.3,7.4), gacro-
Ta w HE 3aBHCHUT OT 3Hepruu (TO €CThb aMIUIATYAbI). Ha 9TOM M OCHOBAHO NpHMeHeHHe
MasITHUKA M JIPYTHX KOJEOATEJIbHBIX CHCTEM B YacCax.

Cpennss kunernueckass sueprus (mi?/2) = mw?A%(sin?(wt))/2, norenmumambHast
(kx?/2) = kA%*(cos?(wt))/2. Scno, aro (sin*(wt)) = (cos?(wt)) = 1/2. [osTomy cpeamme
KHHETHIECKasl U MOTEHIUAJbHAsl SHEPIUus IIPH TAPMOHUYECKHX KosiebaHusax pasHbl (1 06e
pasusr E/2).

Konebanusa Tena Ha npyzKuHe MocTeneHHo 3aryxaior. [louemy sto mpoucxoaur? B ypas-

HEHUU KOJeOAHW yaTeM CUJIY TPeHUs:
mi = —kx =bi  wm & + 2vi + w?r = 0.

b HazbiBaercst KoaddunpenTom (BA3KOro) Tpenust, y = b/2m — koadbdunneHTOM 3aTyXaHUS.
Koneuno, OLIBAIOT U Apyrue 3aKOHLI TPEHHUs, HO MOKA OTPAHHYUMCS STHM.
[TycTh TpeHue MaJso, Tak 9TO KOMeOAHHS 3aTYXAOT MeIEHHO. DHEPTus OYIeT MeJTeHHO

YMEHBIIAThCs (MePeXOIuTh B TEILIO):

d 2 2
AE:—/ba&d:c:—/bv—xdt:—b/qﬂdt:—— ™Yt
dt m 2
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[Ipy mMajoM TpeHHH MOXKHO B3dTh MHOI'O IMEPHOJOB KOJeOAHUH, B KayKJIOM U3 KOTOPBIX

KHHETHYECKasT SHEPrusl KoyeOJeTcs BOKPYT IOJOBHHBI MHOJMHON 3SHeprum  F, Tak d4TO

[(mwv?/2)dt ~ (mv?/2) [ dt = (E/2)At. Torga

AFE dE E

—— = 29At, wm — =-2ydt, = In|—)=-29t, E=EFEype ",

E Y E Y < Eo) Y 0

DHeprus KoJebaHUi 3aTyXaeT SKCIOHEHIHATLHO. AMILTHTY/IBI CKOPOCTH W CMEIIeHHs IIPO-

HOPIMOHAJIBHBL \/ F |, TaK 4TO
_ -t _ —vt
Vmax - Vbe 7 ) Tmaz = To€ 7 .

K Takum ke BBIBOJAM IPUBOIUT OYEHb MPOCTass MOAEb c1aboro tpenns. [lycrh mMacca Ha
NpYKUHKE, TTPOXO/is MOJI0KEHNEe PABHOBECHS, IJle CKOPOCTh V' MaKCcUMaJibHa, BCAKUN pa3
YIOPYro yaapser Maiablii rpy3uk Am . [pysuk oraeraer ¢ yaBoeHHOH ckopocTbio 2V u
YVHOCHUT YacTh umiryabca: Ap = 2V Am; cpeanssa cuna 3a nepuoy, F =~ 2VAm/T kak pa3
npornopiponaibaa V , npuaem b = 2Am/T .

Ckopoctb Testa nocste nepsoro yaapa Vi = Vo — 2VoAm/m = Vy(1 — 2Am/m) . Tocre
Broporo oyger Vo = Vi(1 —2Am/m) = Vo(1 — 2Am/m)?, a nocne n ynapos (mepuojios)
Vi = Vo(1 —2Am/m)™. Msbl yxke 3HaeM, KaK BO3BOJIUTDH YUCIO0, Oym3koe K 1 ( Am < m) B
bosbiryto crenenb. Bunom HeioroHa 316ch He roanTest, Tak Kak npu n > 2m/Am noxydurcs

OoTpuliaTeJIbHOE YUCIIO. HepennmeM BbIpazK€HHE B BUJIE

—m/2Am
P (1 B 2Am>

m

—(2Am/m)n

B kBazparHoit ckoOKe morydaercss umcio e (3amedaresbusii npenen). ITosromy V, =

Vo exp(—2Amn/m) wnu, ecin Boipasute Am u n=1t/T,

Vi) = Voexp (2 )

[Tokazarenb m3-3a TpydOCTH MOJETN 3/1€Ch BJIBOE OOJBINE, YeM MbI HOJYYUIH, YCPETHSIT
ImoTepu 3HEePrum, HO 3aBUCUMOCTHL aHaJIOTUYIHA.

MBI HallJIn, KaK HU3MeHdeTCA aMIIJIUTyJa CKOPOCTH. Tenepb MO2KHO yTraJaThb pelleHue
ypaBHeHus Kosebanuii ¢ TpenueM. [lompobyem mompocty KonebaHue ¢ yObIBaIOMIeil aMILTH-
TYI0i1:

x = Asin(Qt)e ",

e 2 u k HaJIO ONpeaeNuTh TaK, ITOOLI 3TO PellleHre YI0BJIeTBOPSIIO ypaBHeHUIO. Boramc-

JIdeM IIPpOU3BO/HbIE!

b= AQcos(Qt)e™ — Aksin(Qt)e
i= —AQ%sin(Qt)e * — 240k cos(Qt)e ! + Ak? sin(Qt)e .
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HO,HCT&BJIHGM B YpaBHEHHE!:
—AQ%sin(Qt)e™ — 2A0k cos(Qt)e ™ 4 Ak? sin(Qt)e "
+27(AQ cos(Qt)e ™ — Ak sin(Qt)e ™)
+w?Asin(Qt)e ¥ =0

Cokpamaem Ha A mwHa e *:

(=% + k* — 29k + w?) sin(Qt) + (—2Qk + 29Q) cos(Qt) =0 .

JToJIZKHBI 3aHYJIATHCS CKOOKH IPH SiN M COS OTJIEJIbHO, HHAUYE 3TO OyJ/IeT He HOJIb, & (PYHKIUS

Bpemenn. Orcioga k =, Q= y/w?— 72, u OOJIHOE PEIIeHUE:

= Asin(y/w? — 2 - t)e " .
BaBpemst T = 1/v, Ha3biBaeMOe BpeMEHEM YKU3HU KOJIeOGAHUI, aMIIUTY/1a Y MEHbIIAETCS

B e pa3 (10 36%). Takoe pemenue OGyaer npu peskom toruke ((x(0) =0, puc. 7.3).

X}
X

4

A/\/\/\/\/\=
VA

A |

Puc. 7.3. Puc. 7.4.

Ecnu tpenme Bennko, 7y > w, noaydaerca MHAMOe () (KOpeHb M3 OTPHIATETHHOIO
anciaa). PU3nIecKn MOKHO OXKHJIATH HCYe3HOBeHHs Kosebauuii (npegcraBum cebe MasTHUK

B xucesne). [Tonpobyem mpocto = = Ae Ft:
(k? — 2ky +wHAe ™ =0.
Haxomum k = v + /7% — w?. Umeercst, 3HaUuT, JIBa PEIIEHUS:

r = Ae e VYWt g g BeT eV YWt

[TockobKy ypaBHenue JuHeiiHoe, cyMMa pelienuii Toxke Oyjer pemrenueM. J[st HavabHOTO

yeaoust £(0) = 0 MOXKHO HaIUCaTh

) (emt Y
T =

2

) e " = Ash <\/72 - w%) e .

¢ mpousBoIbHOI ammauTymoit A (puc. 7.4). @yukung sh(zx) = (e — e *)/2 ua3bBaer-
Csl TUMEPOOTUIECKAM CHHYCOM. 3aMeTHM, YTO M3 M3BeCTHOH opmynbl Diitepa exp(iz) =
cos T+ sin x nojiydaercs sinz = (e — ™) /2 u peutenne npu Y > w HOPMAJILHO CJIe/Iyer

n3 KoaedbaTeJbHOrO.
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7.3 BroInyxKaeHHble Kosiebanusi. Pe3onanc

Croboubie komebanus 3aTyxaor. IToObI KotebaHust TPoI0/IZKAINCH HEOTIPEIEIEHHOe BPeMs I,
HYZKHA BBIHY:KIatomas cuna. OcoOblit HHTepec MpecTaBIsgeT CHla, TOXKe UMerolas Komeda-

TeJIbHBII XapaKTep. Cuauasa IIYCTb HET 3aTyXaHU:d:

. Fy
i+ w?r = — cos(Q) .
m
Pemrenne ecrecrBeHHO mMOmMpoOOBATL B BUIE T = Acos(Qt) — C 4aCTOTON BBIHYKIAIOIIEei

cuinl. [logcrasisem:

F
(=% 4+ w?) A cos(Qt) = — cos(Q)

m
T
m(w? — Q2?)
Bas). Eciu BBIHYKIAM0OAsS 4acTOTa MeHbIIe COOCTBEHHOH w, HANPABICHHE CMENICHHs U

u ammanTyga A = . BaBucumocth A((2) mokaszana Ha puc. 7.5 (CIUTONIHAS KPH-

BBIHY K IafoMeil cuibl coBnamaior. Eemm ke {2 > w, 10 x u3Mmensiercss B nporuBodasze ¢ F'.
Ho Besp w3 cocTosiHmst MOKOsT TEJIO JOZKHO JIBUHYTHCS B Hampapjienun F'!

DTOT MapaJIoKC PerraeTcs y9eToM HAYaTbHBIX YCI0- A J
Buit. K momy4ueHHOMY pelleHnio, COBCeM He 3aBUCIIIEMY

OT TUX YCJIOBHIT, MOXKHO JIODABUTDH ITPOU3BO/IHLHOE pellie-

w). DTy-TO 106ABKY U HAJO MOA06PATH, YTOOBI HAYAIb- A

|
|
[
HUe, ONHUCHIBaoIIee CBOOOJAHBIE KoaebaHus (€ 9acTOTOll I\
|
HBIe YCJIOBHS BBINIOTHUIHCH. PeaqbHO ecThb Masoe 3aTy- I

xaHue, 1 cobcTBeHHbIE KOojebaHus depe3 HeCKOJIbKO Bpe- ) Q’
MeH KN3HM 3aTyXHYT. K coKa/eHuio, 3T0 paccyk/JIeHne

HEe JEMOHCTPHUPYET HaIlJIAAHO CMEHDbI HallpaBJIECHUA KOJIe-

OaHUil P YBEJTUYEHUU YaCTOTHI BBIHYZKJIAIOIIEH CHJIBI,
a CKOpee pa3pernraer TaKyi BO3MOXKHOCTH. 3aTO JIEI'KO
ybeIuThCs B TAKO# CMeHe 3HAKA SKCIIePUMEHTAJIbLHO, Pac- Prc. 7.5.
KadunBas MAaATHUK 3a TOUYKY MOJBEcCa OBICTPO JIMOO MeJITeHHO.

[Ipu 2, 6iU3KOit K COOCTBEHHON YacToTe w, aMILTUTYJda KoJaeOGaHuil OoueHb BeTHKa
(puc. 7.5). D10 siBJIeHNe HA3bIBaeTCsl pe30HAHCOM. Mastasi cuiia cnocobHa B pe30HAHCe pac-
KaJaTh JIIOOYIO cucremy. MOXKHO, HATpUMep, MOJHITH I'PY3 JIOOOr0 Beca, eCIM OH KadaeTcs
Ha BepeBKe.

Tenepsb yurem 3aTyxaHue:

E
i+ 2vi + wz = = cos(Q) .
m

Eciu 6b1 cnaraemoe  2yi@  JOMHHHPOBAJO, KoopjaumHata Oblia Obl  ~ sin(€), To ectb
capuHysiach Ha 7/2 mo dase. Ecim 3aryxaHue He CTOJIb BEJIMKO, HABEPHO, W CABUT OY-

ner menbrre: = Acos(Qt — ). [MoxcraBiasiem, ncnoib3yst ceKpeTHOE MPeodpasoBaHme
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cos(Qt) = cos(Qt — p + ) :

A(=Q% + w) cos(QUt — ) — A29Qsin(Qt — ) =

F F
“Ocos cos(Qt — ) — “Osing sin(Qt — @)
m m

Ongare oTAeIbHO HAJIO ypaBHOBeCHTH coS(2 — ) u sin(Qt — ) :

F F
AP +w?) = Zcosp, 2490 = —"sing.
m m

Orcroga
8¥ = 2 _2 V(W =22 1 (290)? '
[Ipu majom ~y — caMmblii UHTEpPECHbIN ciydail — AA

BTOpOE CjlaraeMoe I10J KOpHeM HeCyIIeCTBEHHO, €eCJIn

TOIBKO w U () He CpaBHUBAIOTCA. 3aTO IIPU Pe30-

HAHCe MMEHHO TPEeHHe OIPAHMYMBACT AMILIATYAY; IpH ! \/2—
Q=w A= F/2myw. 'paduxk A(Q2) massBaer- |
cs Pe30HAHCHOM KpuBoil (puc. 7.6). Oua umeer y3- |

|

KUl pe30HAHCHBIN TUK; mupuHa ero A} omnpeensercsa A

OOBIYHO U3 yCJI0BHUsA, 9YTO CJlaraeMbie 110 KOpHEeM OJMHa- O

koBbl (yposenn 0.707 = 1/v/2):

S
Q¥

W — P 20A0 =290, AQ=1.
Puc. 7.6.
B s1o0it :xe pe3onancHoit obsracTu pe3ko MeHsieTcst pa3o-

Botit casur. Korga () 3aMeTHO MeHbIe COOCTBEHHOMN YacTOTHI (Ha HECKOJIBKO 7 ), T0 ¢ <K 1,
U TOYHOM pe3oHaHce ¢ = m/2, a npu ) > w GicTpo npubauzkaerca K . Takum 06-
pa3oM, TpeHue CJelyeT YIUTBIBATbh TOJbKO BOJM3M pe3oHaHca. Bianu ke Koimebanus O6yayT
6o B dase, OO0 B MPOTUBOGA3€ ¢ BRIHYKIAMOIIEH CUIO0N, KaK Mbl Y7Ke OTMedaJ . AMILIHI-
TY/Ia TOZKE MePecTaeT 3aBUCETh OT 7 : cpaBHUTE puc. 7.6 u puc. 7.5 mis monyas |A| (Momynb
IpaBee YaCTOThl W MOKA3aH MYHKTHPOM). 3aTyXaHHe MOMPOCTY OMPAHUYUBAET OECKOHETHBIH
MUK pHUC. 7.5.

Pesonanc ObiBaer mosie3eH (My3bIKAJbHBIE HHCTPYMEHTBI, PATUOCBSA3b) U HEXKEJATEeeH

(cTpoeHUsI BO BpeMsl 3eMJIETPSICEHHUS ).

7.4 AHrapmMoHmYeckKue KojieOaHUs

Ecnun yBenmunTh aMIInTyay KosaeOaHUil, MOJTyUYeHHbIE 3aBHCUMOCTH MOTYT HapYIIAThCSI.
Benomunm, Kak peraercst 3aj1a4a 1 MaJbiX Koebanuit. Hampumep, Bo3bMeM jJBa 3apsijia

¢, IpUYeM HUZKHWI 3aKPeIlIieH, a BePXHUIT MOKeT JBUraThCs 1Mo Beprukaan (puc. 7.7). Ha
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BepXHWUil AeiicTByeT cuta F' = —mg—i—q2 / 22 . VIMeeTcd MO0KeHne PABHOBECHS T) = q/\/mg .

BamnumieM cuay BOJIU3U MOMOXKEHUS PAaBHOBECHS — NIPU T = Xg + ¥ , IPUIEM ¥ MAJIO:

2 2 -2 2 2

q q Y q q

F=-m¢g+——-=—-mg+—=[1+> ~-mg+——2—=-1.
g (o +y)? g x%( 5U> g i 3y

HepBbIe ABa, CJlal'a€MbIX aBTOMATHYECKH YHUITOZKATCA — 3TO CHJIa B IIOJIO2KEHUU PaBHOBECHU,

pasymeercs, HyJseBas. [loydaem ypaBHeHUEe IBUKEHUSI:

q2

U

2
\ %x/
\ / ke ext
N 2T
' X
Puc. 7.7. Puc. 7.8. Puc. 7.9.

Boo6re, ecin B Touke xy dyukimus F(r) obpamaercs B HYJIb, TO BOJIU3U STOI TOUKI
F~ (x—ux)-(dF/dz)|s, - Ho 310 — TONIBKO IIepBOE mpubimzxenne. Haiigeno, 910 qoctarodno

xopore (DyHKIUMN pasjaraorcsd B psaa Teigopa:

(v —xo) dF N (r —x0)? d*F N (x —x0)® d*F
1 dx |, 1-2 dx? 1-2-3  da?

o o

BHaunuT, caeayionme NpUOINZKeHNs I CHIIbl COIEPIKAT ciaraemble ~ (z — xg)%, 3a HuME
(r — x0)®, u 7. 1. COOTBETCTBEHHO TOTEHIUMALHAS SHEPTHs OyJeT CojepKaTh MONPaBKU
~(r—20)® 1 (7 —x)*.

Cuavasia BBISICHHM (Ka4eCTBEHHO), UTO JAeT MepBas MONPABKA. YDABHEHHE IBUZKEHUS

BaHI/IHIeM, OTMepHH T OT paBHOBeCI/IH:
F4+wlr+bx?=0.

[Torennuajibuas sMa CTaHOBATCs Hecummverpuunoit, U ~ w?x?/2 + bx3/3 (puc. 7.8). Us-
3a 9TOr0 MEepeKoca MOAB/AETCS HEHYJIeBOe CpeJHee 3HAUeHHe . YCDeIHsSeM ypaBHEHHe,
CUMTAs, YTO KOOPAMHATA — CyMMa IIOCTOSHHOI BeJIMUUHBI U cUHYcOuIb: = = 0 + A cos(wt) .
[Tonyaaem
2 2
9 A A
wo+b—- =0, wncvmemenne 0=-—-b_— .
2 2w
Takast curyauus Gyer Jjis HAIKMX 3aPsAI0B IPU yIeTe NONPaBoOK K cuje. [Ipu 3aMeTHoll am-

IJIATYIe 3apsal B cpegreM Oyaer 0oaraTbes Boime. C 3Toil »Ke MONpaBKOil CBSI3aHO SIBJICHHE



90 I'nmaa 7. KOJIEBAHINS

TeIJTIOBOTO paciupennsd. [Ipn TenmoBeIx KolebaHuIX KazKaplii aToMm cMernaercs. CymMMa Beex
CMeIeHnit JaeT pacmmpenre o0pas3na, MPOMOPIUOHATBHOE JINHE W KBAaJIPATy AMILTHTY/IbI
KostebaHmii, To ecTh sHeprun (Temmeparype). [Ipu rapmMoHnIecKnX KosebaHusIX BCero-HaBCero
IeBeJTUJINCh Obl OOKa, 00pasma Ha OJHY aMIIuTyay A, KoTopas HUKakK He OOJIbIIe MeyKa-
TOMHOI'O paccTosinus, T.e. 3pdekT Obl1 Obl HE3aMeTeH.

PacemoTpum ciieyroniyo monpaBKy, KOTOpas BakKHAa B CHMMETPUYHBIX ITOTEHIINATHHBIX
avax. Hampumep, g MagTHHKa Bo3Bpamaiomuii MomeHT M ~ sing =~ ¢ — ¢*/6, no-
Tennmaabias sueprus U ~ (1 — cosp) ~ p?/2 — ¢*/24 (puc. 7.9). CoorsercrByromupmii
ko duiuent ynpyrocru Bpojie Kak ymuoxkaercs Ha (1 — p?/6), eciu BbIGparh nepsoe
Boipazkenne. Cpenmee 3nadenne 3toro mMuoxkurens oymer (1 — p3/12). Yacrora mpomop-
IMOHATBHA KOPHIO W3 ympyrocth, w = wo(l — p3/24). Hepuon T = To(1 + p3/24) . Do,
KoHeuHo, onenka. Tounas nonpaska: T = Ty(1 + ¢2/16). (Bpone we BuaHO, r1e MBI OMIMG-
auchk. Ha camMom jiesie He TOJIBKO MEHSIeTCS 4acToTa, HO M K OCHOBHOMY KOJIEDAHUIO B TOM
JKe TPUOJIMKEeHUH JT00aBJISIOTCs ele 60see OBICTPBIE, C YaCTOTO, B JJAHHOM Caydae, 3w .
[To3TOMY HETOYHOCTH He YANBHTEIbHA).

[lepuos ceKyHIHOTO MasgTHUKA ¢ aMILTATY 10 6° ~ 0,1 usmenuTca na 0,01/16 = 6-10*,
3a cyTku ommbka Oyger ~ 50 c. Konedno, MOKHO 3Ty OMHUOKY CKOMIEHCUPOBATDH JITUHOM
HUTH, HO OHA 3aBUCHT OT aMILIUTYbl. Kpome TOro, Ha TOYHOCTH XO/a BJIUSET TEILIOBOE
paciupenne (JJIMHA MAsTHUKA) U U3MEHEHUs ¢ TIPU JBUZKEHUN YacOB.

C pasBuTHeM MOpelIaBaHUs MOSBUJIACH TPOOJIeMa «IepeBO3KN BpeMeHn». Jackl ¢ TOY-
nocrbio 1075 yxomar ma 1 ¢ B cyTkn, 3a 3 mecana — qa 90 ¢ = 1,5 mun. [Ipu acTponomuyec-
KOM orpejiesiennn Mecta Oyaer ommbka B 360 - 1,5/(60 - 24) = 3/8 rpajayca mmporsl, win
40000-1,5/(60-24) ~ 40 xkMm. Kax pa3 MOXKHO HAJIETETh HA KAKHEe-HUOY/Ib CKAJIBI, JyMasi, 9TO
JIO HUX elle Jajeko. MasgTHUKOBbIe Yachl B ITABAHUH HE TOIATCS; TPUMEHSTUCH XPOHOMET-
PBI C KPYTHJIBHBIM MasITHUKOM, HEIYBCTBUTE/IHHBIE K YCKOPEHUsIM. TeI/I0BOe paciuiupeHune, B
NPUHIUIE, KOMIEHCHpyeTcs. Ternepb Takoil mpob/ieMbl HET, JIF0OObIe 9achl MOXKHO TTPOBEPHUTH
0 PAIMOCUTHATIAM.

Wutepecna 3a1aua 0 6paXuCTOXpPOHE — KPHUBOIi, MO KOTOPOW B MO TAKECTH KOJIe-
OaHUsg MPOUCXOAAT C TOYHO TMOCTOSHHBIM MEPUOJOM, HE3ABUCHUMO OT aMILTHTYIbl. Torma B
ypaBHeHUN KOJIeOAHUIT WM SHEPTUH HEe JOJKHO OBITh HUKAKHUX MOMPABOK. JTa KPUBasl — HE
napabosa. XoTd Ha mapaboje moTeHnua bHas 3Heprua U ~ x| HO KHHeTHYecKas He TOd-

2 Tak Kak ecTb ellle BepTHKaJbHAd CKOpPOCcThb. Ha 3roit 3amaue /1.

HO IPONOPIUOHAIBHA I
Bepryrtn mpogemMoncTpupoBas moib3y MetonoB HeioTona.

Hns kpusoit  y = y(r) nmorennumanbHas sHeprust U = mgy. Beemem jymHy BIOJH
KPUBOl s, TOrJia KuHeTHYecKas sueprus ms2/2 touno. TpebGyercs, 4T0Ob BHITOIHAIACH
IPOMOPIUOHATLHOCTL 4 ~ 52 . [IoCKOMBKY OKPYKHOCTD U Hapabo/ia He TOAITCs, TOIpobyeM

nukgouay. B mapamerpudeckoit ¢popme

y = R(1—cosyp) (ommoBpemenHo 310 2R sin’(¢/2))
r = R(p +sinyp)
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Huxkusig touka ¢ = 0 ; dr = R(1 + cosp)dy , dy = Rsinpdyp. Cuantaem 3eMeHT

JTAHBI IyTH:

ds = \/dz? + dy? = R\/2(1 + cos p)dp = 2R cos(p/2)dyp .

Hmuna s = [ds = [2Rcos(p/2)dp = 4Rsin(p/2). [delicTtBuTeNbHO, HONyYaeTCd Y =

s*/(8R) . Ypasuenue suepruu

ms?  mgs?

> " 3R
tounoe npu |s| < 4R. Yacrora konebaunii w = \/g/4R, nepuon T = 4wy/R/g, Bpems

COCKaJIb3bIBaHUs B HUKHIOIO TouKy 1/2 = 2m\/R/g ¢ nwoboi BbicOTHI. Takyio KpuBYyO

=F

ONHUIIET IPY3 HA HEBECOMOM 00pydUe, «KaTaloleMcsty mo motosiky (puc. 7.10).

Puc. 7.10. Puc. 7.11.

[TepBbiM MagTHHKOBBIE dachl mocrpoma X. [oiirenc (1629-1695) okono 1657 1. Ou ke
OTKDBLI 3aMevaTesIbHOe CBOMCTBO M30XPOHHOCTH IMHUKJIONJAJIHHOTO MAsITHUKA W MPEJTOZKII
KOHCTPYKIIMIO, B KOTOPOii 3Ta uiest ocyiiecrsiasercs (puc. 7.11). Mexky aBymst «6peBHaMn»,
cedeHust KOTOPbIX 0OpaboTanbl B (popMe NUKJIOU] BHICOTHI 2[7, moMeIaercss TOYKa, Mo/IBeca
MasITHUKA, JJIHHA HATH Koroporo paHa 4R. OxkasbiBaercs (mompoOyiiTe TOKA3aTh CaMOC-
TOATEJILHO), YTO OPU STOM KOJEOTIOMHUIiCS TPy3 JABUKETCS 10 IUKJIOUIE TOYHO TAaKOil Ke
dopwmnt! CremnoBaresnbuo, nepuos KojgebaHuit TAKOro MasgTHUKA B TOYHOCTH OJUH U TOT Ke
npu J060ii (a He ToaBKO Masioii) ammanryae. (Ha npakTike nuK/IOMIAIBHbBI MAsTHUK He
HAIesT MUIPOKOTO MpuMeHeHus. /Ipyrue myTn MOBBIMIEHNS TOYHOCTH YacOB OKA3aJMCh Dosee

VIOOHBIMH) .

7.5 HeycroitunBocTh

Konebanus, kKak Mbl BUJIeTN, TPOUCXOAT BOKPYT MOJIOKEHUS YCTOHINBOTO paBHOoBecus. Ho
OBIBAIOT PABHOBECHS U HEYCTOWYHMBLIE, M3 KOTOPBIX CHCTEMA BLIXOIUT CAMOIIPOU3BOIBHO. UTO
MOYKHO CKa3aTh O JBUYKEHWH MMPU TAKOW CHUTYaIUu’

[Tpocreitiuii mpuMep HEYCTORYMBOCTH — MasiTHHK BBepX roioBoil (puc. 7.12). Hurs,
KOHEYHO, He TOAUTCS; Macca M YKpPelieHa Ha CTePyKHe, KOTOPBIf MOXKeT BPAIllaThCsl BOKPYT

HIZKHEl TOYKH. ypaBHeHI/Ie JABHUXKeHNd MaCChbl 1 IpPpU MaJIOM OTKJIOHEHUH OT BEPTUKAJIN:

. mg .. g _ 9
mi=—xr wm I==r=7y7T.

L L
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Puc. 7.12. Puc. 7.13.

YpaBHeHHe MOX0Ke Ha ypaBHeHNe KoIebaHuil, HO 3HaK B IIPABOil 9acTu APYyToil — Cuia He BO3-
BpAIAET, & YBOJIUT MACCY U3 MOJTOKeHusd paBHOBecus. MOKHO HCIOIB30BATh U YHEPTeTHIeC-
kit mogxon. Hanpumep, mycTh uMeercsd Tea0 Ha TVIAIKON BO3BBIIIEHHOCTH, (hopMa KOTOPOi
3ajaercs ypasuenuem y = —(k/mg) - (x?/2) (puc. 7.13). ®opma koddduuuenta BrGpana
TaK, 4TOObI MOTeHIHaIbHasd SHEpPrHus Bhlpaxkajach nompoue: U = mgy = —kz?/2. 3aech
k wmmeer pa3smepHOCTb KO3 dUIMEHTa YIPYTOCTH W OMUCLIBAET KPUBHU3HY TOPHI B BepXHEil
Touke. JI/I7 MAgTHAKA IIPH MAJIOM OTK/JIOHEHHH X CMeINeHHe 10 BepTukamm y = x2/(2L), n
9KBUBaJIeHTHOe 3Hadenne k = mg/L. Torma npu MajbIx OTKJIOHEHHSIX
mi?  kx?

—— — — = F = const.
2 2

OnsiTh, 32 UCKJIFOYEHUEM 3HAKA, [TOXOKe HA YPAaBHEHNE SHEePIUH JIs KOoJeOaHuil, HO Py KIHA
KaK 6y,ZLTO numMeeT OTpUuIaTeJIbHYIO 2KeCTKOCTDb.

[Toxoxke, uTo JABa KosaebaTeNbHBIX pelleHusd — Sin . cos — He mojoiayT. V3 mebora-
TOro HabOpa M3BECTHLIX HaM (DYHKIUN HETPYTHO U3BJ€Ub TAKYIO, Y KOTOPOil IMPOU3BOIHAS
IPONOPIMOHAIBHA, caMOil (PYHKINH. DTO, KOHEUHO, SKcHoHenTa. [Ipobyem = = Ae’ | rie b

noka neuspectHo. [lojcrapisiem B ypaBHeHnue:
2 4 bt _ 2 4 bt
b Ae” = v Ae™ |

orkyga b = 4. Ammauryma A cokparmiach W, 3HAYHT, MOXKET OBITH JTIO0As — MOXKHO
TepsATh paBHOBecHe ObicTpee nim MeenHee. Kosdduipenr v paszmeproctu 1/c (Kak u y
9acTOTHl KOJIebaHuil W), Ha3bIBaeTCss MHKPEMEHTOM HEeyCTONYNBOCTH.

Kak u n1s Konebanmii, ecth aBa pemenud: Be " u Ae’ . Dro orToro, uro ypabHe-
HHE BTOPOrO MOpsijika (BXOAUT BTOpas mpousBognasi). [locrosuubie B u A wHaxomgrcs
U3 HAYaJbHBIX yCI0BUil. B orTmume or ciydas KojebaHuii, 3T JiBa PeIIeHus COBCEM HEIo-
XOXKHU: OJIHO pacTeT cO BpeMeHneM, Jipyroe yobiBaer. [IpakTudyecku HEBEpPOSITHO, YTOOBI MpH
HEeHYJIeBbIX HAYAJIbHBIX yesroBusx moayamiock A = 0. Ilosromy HeycroitauBocTh, B 001IEM,
BO3PACTAET CO BPEMEHEM.

DTo Bo3pacranue ObicTpoe. Yepe3 xapakrepHoe BpeMsi T = 1/ HavaJbHasg AMILIH-
Tyga BospacTeT B e = 2.71828 pa3, wepes 27— B > = 7,3 pasa, 4epe3 37 —

npuvepuo B 20 pa3, u 1. Ilycrs MBI XOTHMM HOCTABUTH KapaHJAIl Ha OCTPHIA KOHEI.
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Hns wero Bpemst 7 ~ +/L/g = 0,1 c¢. Ecin ctaBuTh OYeHb aKKYypPaTHO, MOYKHO BbI-
JlepKaTh BepPTHKaJb ¢ TOIHOCTHIO 10 0,05 MM. Takoro mopsaka Oymer ammaurygza A —
npu B = 0 310 mompocty HavdaJibHOE OTKJIOHEHue. ByjaeM cuumrarh, 4TO KapaHIall yIaJl,
ecJii OTKJIOHEHUWE BEepPXHEero KOHIA JOCTHUIJIO O €M, TO ecThb Bo3pocyso B 1000 pas. Torma
e!m =10%, t=r71-3In(10) = 7-3-2,3 = 77. Tenepnb ¢ MOMOMIBIO PABIMIHBIX JTOPOIUX
npubOPOB YCTAHOBUM KapaHall eme Tounee — B 10 pa3. Bpemsa majeHnst yBeJTMIUTCS BCETO
Ha 2,37. Jlaxke ecau MOXKHO JOOHTHCSA TOYHOCTH IOPsIKa aTOMHBIX pasmepos — 0,5-1078
CM, 9TO BOOOIIE-TO COMHHUTEIbHO, Moay4duTcst Beero 7 - 91In(10) ~ 207 . Buaunt, KapaHIarmr
HUKOTJIA B *KU3HU HE TPOJIEPKUTC JI0JIbIe JIBYX cekyH/I. [Ipu aToMm ero BoBce He Haj 0 KOMy-
TO TOJKATDH; OH MPEKPACHO yIaIeT caM. A eCIH ero BBICTABUTDH «HIEAJBHO», TO €r0 BHIBEIET
13 paBHOBECHs JTI000€e JTYHOBEHHE BO3JIyXa.

B obmem MOXKHO cKa3arh, 4TO BpeMsl Pa3BUTHS HEYCTONYMBOCTH BCEryla MOPsiIKa He-
CKOJIBKHMX XapaKTepHBIX BpeMeH 7T = 1/v. DKCIOHEHIUAILHBI POCT OYeHb OBICTPHI, U
JIIST TOCTUZKEeHUS 3a/JAHHOTO YPOBHS OTKJIOHEHUsI OT PABHOBECUs HYXKHO BpeMsd, MOYTH He
3aBUCSIIEE OT ITOTO yPOBHSI.

CobcTBeHHO, He TaK U HYy?KHO TOUHOE perierne. Bee 3HAIOT 0 pocTe Hacenenus 3eMtn. Ec-
JIM OHO Y/IBAUBAETCS, CKaXKeM, 3a 25 JieT, To 3a 50 yueTBepurcs, a 3a 100 — Bo3pacTeT B 16 pa3.
Bpewmst yaBoeHust st ypaBHEHNUSI, OMUCHIBAIONIETO HEYCTOWIMBOCTE, paBHO In2/vy &~ 0,7/7.
(B aeiicTBUTEIHHOCTH B HACTOSIIIEE BPeMsi POCT HACETeHHs 3eMJIH TIPOUCXOIUT €lle ObICTPee.
DTO MOXKHO OObSICHUTH TE€M, 9TO CO BPEMEHeM BO3PACTaeT J0/si OBICTPO PA3MHOZKAIOIIAXCSI
rpynn. B pesyabraTe kKodddunuent -y pacrer co BpeMeHeM. Kaxkaoe mocieayoiiee yiaBoe-
HUe TpeOyeT MeHbIe BPEMEHH ).

DKCIOHEHIINATHLHO PA3BUBAIOIIUIICS MPOIECC BCKOPE MPHOOPETAET XapaKTep B3PhIBA. DTO
ULTIOCTPUPYETCA U3BECTHOW MHIMICKOMN JiereH 1ol 006 m3o0peTaTesie maxmar. Mymaper B Ka-
JecTBe HAT'PAJbl TMOMPOCH MOJOXKUTH Ha OJHY KJIETKY JOCKH 3epHO, Ha BTOPYIO — JBa, Ha
TpeThio — ueThipe, u T.1. Beero momagoourca 204 — 1 ~ 10 sepen, win nopsaka 3 - 10!
touHn. /laxke ceitaac Ha 3emiie rogoBoit coop Menbire mpuMepao B 300 pas.

To ke camoe TOIyIuM, Hali/g BpeMsl JOCTUKEHUS JAHHOTO YPOBHSI:
t=1-In(x/xg) .

[Tpu GOMBIIOM OTHOIIEHUH X /T( BpeMsl IIOYTH HE 3aBUCHT OT TOTO OTHOIIeHus. Hanpuwmep,
npu x/x¢ = 10° momyumm = 147, a mpm pocre aprymenta eme B 100 pa3 Gyger = 18,47
— Bcero Ha 30% 6Goabmre. Jlorapudm n goKeH MeHATHCA €1abo, Kak obparHas (OyHKIMs
K OBICTPO MeHsifoleiicss SKcronenTe. ¥ (GU3UKOB Jarke eCTh MOroBopka: «Jlorapudm — 310
He yHKIusy. JacTo mogB/IsgioTCs JorapudMuideckue pacXoJuMOCTH, HO UX HUKTO YK€ He
MyTaeTcsd, TaK KaK BCerja MOXKHO OFPAHHYUTH apryMeHT, IpuueM He OYeHb BaXKHO, HA KAKOM
YPOBHE: JOCTATOYHO OIEeHKHU. Bo3Bpalasgch K 9KOJOTHH, OTMETHM, YTO MPU SKCIIOHEHIIHATb-

0,01at )

HOM DOCTe SKOHOMHKH (Ha « HPOLEHTOB B TOJ: € BpeMsdA HCYepHaHusa TPUPOIHBIX

PeCcypCcoB paBHO HECKOJIBKMM XapakTepHbiM BpemeHaMm 100/ HE3aBHCHMO OT KOJHYECTBA
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STHX PECyPCOB.

Cx0/ICTBO ypaBHEHHS HEYCTOMYMBOCTU C ypaBHEHHEM KOJeOAHM 3aCTy’KHBAET OTIE/Tb-
HOro 06Cy»Kaenns. Mbl Moxkem 3amenuth B y2 na —(i7)?, rjge ¢ — 9T0 MHUMasl eJUHUIIA.
Torga noay4aercss KosebareabHOE ypaBHEHHE, HO ¢ MHUMOR vacToToit w = iy. Popmab-
HO MOKHO HCIIOJIb30BaTh «KojebaresbHbley pemenus tuna sin(wt) u cos(wt) . [Tockonbky,
nanpumep, cos(wt) = (¢! +e ™) /2 To mpu MHEMOI YacTOTe KaK pa3 MoJydarcs AeficTBH-
TeJIbHbIE IKCIOHeHThI. OOpaTHO, KOTeOaHusd MOKHO PACCMATPUBATh KAK «HEYCTOWUUBOCTD»
C MHUMBIM MHKPEMEHTOM. B 00mem caydae ypaBHEHHE MOYKET COAEPKATH «4aCTOTY», UMe-
IOILY IO KaK JeHCTBUTEIBHYIO, TAK U MHUMYIO YaCTh, KaK ObLIO JJIA 3aTyXalOIINX KOJeOaHuii.
JeiicTBuTenbHas obecnednBaeT KonebaHusa, MHAMAs B 3aBHCAMOCTH OT 3HAKA — 3aTyXaHHe
WU POCT HEYCTORIMBOCTH.

Pasymeercs, HuKakast HEyCTORIMBOCTL HE MOYKET Pa3BUBATHCS SKCIIOHEHIIMAIBHO JOJIT0e
Bpems. Hanpumep, nmajaroniuii KapaHain He MOXKeT UMeTh ycKopenue 0ojibiiie ¢ . [Tpu ne ma-
JIOM YIJIe HAKJIOHA JIMHEHHOe ypaBHeHHe MepecTaHeT BBIIOTHATHC. Begkas HeyCTORInBOCTD
B CBOE BpeMsl ePeXOIuT B HeHHeHHyo craauio. OOBIYHO IIPH 9TOM SKCIOHEHIIHAIBLHBIA POCT
cMeHsgeTcsa 6ojee MeJJIeHHBIM CTeeHHBIM, XOTd OBbIBAIOT 00paTHbIE IIPAMEPHI — CAMOYCKODSI-

Iomuyecd MponecChbl THIla TEIJIOBOI'O B3PbiIBa WJIN I'PaBUTAIIMOHHOI'O KOJIJIAIICA.



